In this paper we determine the physical conditions ensuring that the efficiency of a thermoelectric nanowire with two temperatures is optimal. We consider the case in which the entropy for unitary volume depends on the equilibrium variables only, and the case in which such a quantity depends on the dissipative fluxes, too. We prove that in these two different situations the conditions of optimal efficiency are different.
Introduction
Thermoelectric generators can convert heat into electricity through thermoelectric effects, offering this way interesting perspectives in the future energy conversion and its management. Unlike traditional dynamic heat engine, thermoelectric generators have no moving parts, are completely silent, and do not yield pollution.
The ability of a thermoelectric generator to convert a given amount of power supplied to the system (P tot ) into electric power (P el ) is given by the efficiency ', defined as
with ' C as the usual Carnot efficiency, and ' r as a reduced efficiency [1] [2] [3] . Keeping in mind that ' C = 1-T c /T h represents an ideal limit (it could be obtained in an infinite time for a quasi-static cyclic transformation of a system operating between the cold temperature T c and the hot one T h ), for a given thermoelectric generator the closer ' to ' C , the better the performances of a thermoelectric generator. Unfortunately, ' r << 1 for every actual devices; thus, they have only modest performances. From the practical point of view, in order to build up a "good" thermoelectric generator, along previous considerations one may infer that high values (i.e., as close as possible to 1) of ' r are needed. It is seen that ' r increases for increasing values of the nondimensional product ZT [1, 2] , T being the absolute temperature, and Z is the so-called figure-of-merit, defined as [1] 
with : being the Seebeck coefficient, 3 e the electrical conductivity, and + the thermal conductivity. Since the figure-of-merit clearly depends on the material at hand, the main strategy pursued by the most part of the research groups is the search of new materials with high enough value of Z. Since to date the best reported ZT values do not exceed 3 [4, 5] , the efficiency ' of thermoelectric generators is still far from the aimed Carnot limit. This is the principal reason why thermoelectric generators have been scarcely used, although thermoelectric effects are well-known since XIX century. Currently, the raise of nanotechnologies furnishes another interesting possibility to improve Z. Nanomaterials, for example, by means of nonlocal effects allow to introduce the length scale as a new variable and to vary :, 3 e and + (which are typically strongly interdependent in the case of macrosystems) in a quasiindependent way. This strategy has been pursued, for example, in Refs. [6, 7] from the theoretical point of view.
To search for further possible new theoretical strategies enhancing ' not only the nonlocal effects, but also the nonlinear ones, as well as the joint combination nonlocal-nonlinear effects, should be worth of investigations, at least from the theoretical point of view at the very beginning. In fact, at nanoscale both effects are especially relevant [1, 8, 9] , in such a way that enhanced heat-transport equations accounting for them play a central role.
Theoretical framework
In literature several valuable enhanced heat equations can be found [10] . Among the different macroscopic heat-transport theories going beyond the classical Fourier law [11] [12] [13] [14] [15] , a recent proposal of enhanced heat equation has been developed in the framework of thermomass (TM) theory [16] [17] [18] [19] [20] . In TM theory, the heattransport process is consequent to the flow inside a continuum system of a gas-like collection of massive particles, called thermons [21] , which can be identified with the phonons in crystals, with the electrons in pure metals, and with both of them in semimetals. In this theory, the evolution of the local heat flux q is governed by the following nonlinear heat-transport equation 
wherein c v is the volumetric heat capacity of the solid, + is the thermal conductivity,
is the relaxation time in the TM theory [18, 20, 22] with 1 being the mass density of the medium and γ is Grüneisen constant,
denotes the characteristic length of heat conduction [20, 22] , accounting for the strength of the non-Fourier effects introduced by eq. (3) (which have to be considered when the time scale is comparable to 4 tm , or when the spatial scale is comparable to the modulus of l), and
stands for a dimensionless and always smaller-than-unit parameter, also called squared thermal Mach number of the drift velocity relative to the thermal-wave speed in the heat-carrier collection. Finally, in eq. (3) the quantity + (1 -b) represents an effective thermal conductivity [20, 21] .
Note that in the eqs. (4)-(5) above the thermal conductivity + can be eliminated by using the relation
, with p as the mean-free path andv p as the mean speed of the phonons. In this way we get the formulae
and
which clarify the microscopic origin of the material parameters 4 tm and l. The compatibility of eq. (3) with the general tenets of Extended Irreversible Thermodynamics (EIT) [1] has been proved in Ref. [20] by using the concept of a vectorial internal variable as re-scaled heat flux. Moreover, we also notice that a very general model of heat-transport equation has been developed in Ref. [23] , (see eq. (38) therein), within the framework of a weakly nonlocal and nonlinear approach to EIT [1] . It is easily seen that eq. (3) can be obtained as a particular case of eq. (38) therein, once the third-order term q 2 ∇u (u being the internal energy in Ref. [23] ) is no longer neglected. Thus, the TM model presented here is fully compatible with the basic postulates of EIT.
Notwithstanding this, it is not easy at the present stage to claim whether eq. (3) represents a good proposal, or not. A possible way of inferring that information is to predict, for example, the behavior of nanosystems under thermal disturbances by means of eq. (3) and then compare those predictions with the experimental evidences. This has been done in Ref. [22] , wherein eq. (3) has been used to predict the temperature and size dependencies of the effective thermal conductivities of nanofilms, nanotubes, and nanowires. The good agreement between the theoretical predictions and the experimental evidences pointed out in that reference, although far from being the final proof of the validity of the TM theory, allows to infer that eq. (3) should be worth of further investigations at least.
In the present paper, we look at eq. (3) to search for new strategies enhancing the thermoelectric efficiency of thermoelectric nanowires sketched as one-dimensional systems. We use the TM model because: -Equation (3) contains the genuinely nonlinear terms ∇q ⋅ l and + (1 -b) ∇T which are lacking in the classical theory of thermoelectricity and which, we feel, can influence the thermodynamic efficiency at nanoscale; -Equation (3) contains the vector l, related to the size of the system, which may also play an important role in influencing the thermodynamic efficiency in steady-state situations.
It is worth remarking, however, that here we regard eq. (3) not as a basic model rigorously derived by the microscopic physics but, instead, as a phenomenological equation endowed with interesting mathematical properties which can be easily related to some characteristic properties of nanosystems and that, in our opinion, can shed new light on the exploration of the thermoelectric energy conversion.
In more details, the aim of the present paper is to describe the nonlinear thermoelectric coupling in materials which should be properly located at the border line between metals and semiconductors [24] [25] [26] . For these materials we assume that the thermoelectric transport is due to the combined flows of phonons and electrons, which are responsible of the conduction of heat and electric current, respectively [6, 27] . Our main working hypotheses are:
i. The local heat flux q has two different contributions: the phonon heat-flux contribution q (p) and the electron heat-flux contribution q (e) [6, 7] , in such a way that we have
ii. Each of the heat and electric carriers (that is, the phonons and electrons, respectively) contributes with its own temperature to the total temperature of the heat conductor, in such a way that the thermal state of the system is characterized both by the phonon temperature T (p) and by the electron temperature T (e) [28, 29] . iii. The total internal energy for unit volume u of the system is given by u = u p + u e (10) where u p and u e denote the phononic and electronic contributions to the volumetric internal energy, respectively. These quantities are supposed to be governed by the following balance laws:
where E is the electric field applied to the thermoelectric system, and I is the electric current circulating inside the conductor. iv. The constitutive equations for the partial contributions to u are u p = c v are the partial volumetric heat capacities. Since in principle the heat capacities can depend on the whole set of state-space variables, along with the above considerations we have that eqs. (11) and (12) [31, 32] . Thus, also in the present approach, only the simplified case of constant heat capacities will be considered, since our aim here is to investigate, in a very simple situation, how the thermoelectric efficiency can be influenced by the existence of two temperatures. The more complex situation of temperature-dependent heat capacities can be analyzed in future work. On the other hand, it seems physically plausible to assume that any partial internal energy depends on its conjugate temperature only. In these conditions, the relation between the partial internal energies and partial temperatures is linear. As a consequence, since the total internal energy must be the same for both the single-temperature and two-temperature models, the average temperature T is given by
where
v [28, 29] . It is worth observing that from eq. (13) it follows that the equality between the volumetric heat capacities does not necessarily imply that T (e) = T (p) . This is rather logical, since the mean free-paths of phonons and electrons are, in general, different, and this implies a different thermal excitation for these two species of heat carriers. However, as pointed out in Ref. [7] , in particular situations it is possible that T (e) = T (p) , whatever the value of the partial heat capacities is. In fact, for the rigid heat conductor at hand, electrons and phonons may be represented as a free-particle gas in a box [33] , whose distribution obeys the Boltzmann transport equation. In that equation the equilibrium distribution-function f 0 is given by the Bose-Einstein distribution function (BEdf) in the case of phonons, and by the Fermi-Dirac distribution function (FDdf) in the case of electrons, namely, (20) with h as the Planck constant, 9 is the angular frequency, k B is the Boltzmann constant, % i is the energy of the single-particle state, and , is the chemical potential. However, whenever h9 ≫ k B T and % i -, ≫ k B T, one can ignore the ±1 in the denominator, so that both distributions reduce to the Boltzmann distribution function [33] . In these cases, the solution of the Boltzmann equation both for phonons and for electrons would lead to equations displaying the same mathematical behavior and hence the electron temperature and the phonon temperature coincide. In such a case, it follows from eq. (13) that T = T (e) = T (p) . iv. The electric-charge density 1 e obeys the following balance laẇ
whereas its flux, namely, the electric-current vector I, obeys the following Cattaneo's type equation:
with 4 I as the relaxation time of the electric current, and ! is a constant parameter accounting for the contribution of the inhomogeneity of the electric-charge distribution to the electric current.
Since eq. (15) is non standard, let us spend some comments about it. First of all, we observe that in steady-state situations it yields
which, in the absence of the external electric field and if the gradient of the electric-charge density vanishes, reduces to
and not to the relation expressing the Seebeck effect in classical thermoelectricity, namely, I = -3 e :∇T [10] . In order to analyze better this situation, let's notice that the thermodynamic compatibility of the twotemperature model in thermoelectricity has been investigated in Ref. [28] . Therein, by applying the classical Onsager procedure [1, 34] , it has been proved that the following phenomenological relations hold
,
wherein , e is the chemical potential due to the electric charge, and the transport coefficients L !" are related to the thermo-physical properties of the material at hand. The previous relations lead to the conclusion that the thermoelectric effect is driven by three generalized thermodynamic forces, namely, the phonon and electron temperature gradient, and the force due to the electric field and to the chemical potential of the electric charge. In particular, the coefficients L 13 and L 31 represent the coupling between the phonon temperature gradient and the electric current. On the other hand, it is physically plausible that the phononic flow does not produce any electrical current and, as a consequence, L 13 = 0. Thus, eq. (20) reduces to
which, under suitable hypotheses, leads to eq. (16) . Finally, the classical equation of Seebeck effect can be obtained by eq. (16) in those cases, analyzed above, in which the electronic and the phononic temperatures coincide.
From the practical point of view, a deeper exploration of this class of materials is suggested by the feeling that the control of just one of the two partial temperatures could open new possibilities in improving the thermodynamic efficiency, which are not related to the figure-of-merit. Moreover, since the combined flow of phonons and electrons is connected with the presence of free electric charges inside the conductor, it is important to investigate how these two coupled phenomena can influence the thermoelectric efficiency.
Scopes and summary
In Ref. [35] we have analyzed the thermodynamic efficiency of a single-temperature thermoelectric nanowire, when the evolution of the heat flux is ruled by an equation similar to eq. (3) and when the volumetric entropy s only depends on the state-space variables u and 1 e . In that paper we proved that the classical Onsager symmetry relations can be no longer fulfilled, and interesting consequences on the efficiency of a one-dimensional thermoelectric energy generator can be pointed out.
By these results one may argue that also in the two-temperature model the Onsager symmetry relations can play an important role, and investigate their validity in different physical situations. Hence, beside to provide new control parameters of the thermodynamic efficiency, the results could provide further information on the range of validity of the Onsager symmetry, which is still an open problem in nonequilibrium irreversible thermodynamics [36] .
In Ref. [37] , instead, we have developed a thermodynamic model of a two-temperature rigid heat conductor with TM-type evolution equations for the partial heat fluxes, and we have determined the dependence of the thermodynamic efficiency on the gradients of the partial temperatures. Therein, we have proved that, indeed, the volumetric entropy s can be written in the general form
wherein s 0 denotes the equilibrium-contribution to s and s p , s e and s 1 are positive-definite functions of their arguments. Furthermore, here we assume that they are decreasing functions of u e and u p . Owing to these properties of s, the principle of maximum entropy at the equilibrium [34] is fulfilled and, moreover, the classical definition of temperature can be extended to the present case as follows [28, 37] 
Starting from the model developed in Ref. [37] , here we move a step forward and analyze the influence on the thermodynamic efficiency of the gradients of the partial temperatures and of the electric-charge density in the following two different situations: 1. s = s u e , u p , 1 e ; 2. s takes the form as in eq. (22), i.e., it depends also on the fluxes q (p) , q (e) , and I.
The first constitutive equation for the volumetric entropy is typical of Classical Irreversible Thermodynamics (CIT) [34] . In such a theory the constitutive equation for s is a central state equation, expressed via Gibbs' relation. This last, together with the local entropy balance, allow to express the local entropy production as a bilinear product of generalized thermodynamic forces and fluxes. Then, by the classical Onsager procedure one can represent the thermodynamic fluxes as linear functions of the thermodynamic forces and infer sufficient conditions for the nonnegative definiteness of the entropy production [34] .
The constitutive equation s = s u e , u p , 1 e can be obtained also within the framework of Rational Thermodynamics (RT) [36] . However, in such a theory it does not play any special role and it is a simple state equation among the others [34, 36] .
In EIT, instead, the dissipative fluxes are upgraded at the rank of state variables, and the constitutive functions can depend on these quantities, too [1, 34, 39] . Then, the second constitutive equation (which includes the fluxes) is peculiar of EIT [34] , although it is possible to prove that it is also compatible with the mathematical structure of CIT [40] with the Verhás form of the entropy current [41] .
Thus, for the system at hand, a useful comparison of the basic postulates of two alternative approaches to continuum thermodynamics can follow from the measurement of the thermoelectric efficiency.
In the present investigation we do not search (as it is usual) for the maximum of ' r to maximize ' but, following the way paved in Ref. [35] , we postulate that the maximum of the efficiency (1) corresponds to the minimum of the rate of entropy production or, equivalently, to the minimum of the rate of energy dissipated. In that way, we explore the possibility of inferring the best value of ' by a different procedure. This new different strategy simply arises from the following mathematical consideration: a maximizer of the reduced efficiency ' r , if any, necessarily has to depend on T h and T c , i.e., it depends on the value of ' C , too. As a consequence, although such a maximizer may provide useful information on the most suitable conditions for thermoelectric energy transformation, it should not be capable, in principle, to provide the best value of ', since a maximizer of ' r does not necessarily maximize ' C , too. We are perfectly aware that the link minimum of the rate of entropy production-maximum of efficiency is only a manageable and physically sound criterion to estimate the conditions of optimal efficiency, since it is not a physical principle well-established and confirmed by the experimental evidence (as for instance, second law of thermodynamics). However, it seems to comply with other approaches to nonequilibrium processes [42] , exploiting the points of maximum of the rate of entropy production to get information on the form of the constitutive equations. Anyway, its validity might be easily tested by means of the experiments.
Finally, we stress that from the theoretical point of view, the conjecture above can be justified by observing that for a continuous system C, undergoing a thermodynamic process which produces a power output P out (C) as a consequence of a power input P tot (C), the thermodynamic efficiency can be written as
where P tot (C) is the total power generated along the thermodynamic process, P rev (C) is the power expended reversibly, and P dis (C) is the power dissipated during the same thermodynamic process. On the other hand, if dS irr dt (C) denotes the entropy rate produced in C during the process, one can write
So, it is evident that, since the smaller P dis (C), the higher ' (C), eq. (25) leads to the conclusion that the smaller dS irr dt (C), the higher ' (C). On the other hand, according to second law of Thermodynamics, the best efficiency of a thermodynamic process, corresponding to a Carnot cycle, cannot be equal to one, i.e., ' (C) ∈ [0, 1[. Thus, it is worth investigating if, for a given thermodynamic process, there exists an upper limit in [0, 1[ of ' (C), corresponding to particular values of the state variables of C, or ' (C) can assume any value in the interval [0, 1[. To achieve that task, we first observe that, as a consequence of the dissipation, a nonvanishing entropy rate dS irr dt (C) is produced in C. As a consequence, the previous problem is equivalent to investigate whether dS irr dt (C) has a minimum, or not. On the other hand, one of the basic postulates of continuum irreversible thermodynamics asserts that, in the absence of heat supply per unit mass and unit time r, (absorbed by the material and furnished by radiation from the external world) [38] , we have
where s denotes the entropy for unitary volume, and J (s) denotes the entropy flux. We remark that in the present paper we consider a one-dimensional system under the action of an external electric field E, with a difference of temperature applied to its ends. This situation generates a power input P tot different from zero, even if r = 0.
Our main assumption is that the minimum of dS irr dt (C), if it exists, corresponds to those values of the state variables which minimize the local (in space) entropy production
Our aim here is to infer suitable conditions for the optimal thermodynamic efficiency of thermoelectric nanowires by calculating, for these systems, the values of the temperature and of the electric charge which yield, if any, the minimum of 3 (s) .
From the technical point of view, the presence of both the partial temperatures and of the electric-charge density as independent variables makes more difficult the search of eventual minima for the entropy production with respect to the situations analyzed in Refs. [35, 37] . We will show that the existence of a minimum is not ensured for arbitrary processes, but it requires severe restrictions on the form of the chemical potential and of some thermoelectric coefficients. However, these restrictions are experimentally realizable, so that the conditions of optimal energy transformation can be achieved.
The summary of the present paper is the following. In Section 2, we calculate the rate of entropy production under the above conditions 1. and 2. in the framework of EIT [1] , for a thermoelectric nanowire, represented as a one-dimensional system of finite length L. In Section 3, we determine the optimal efficiency of the thermoelectric coupling in both cases, proving that the results are significantly different. In Section 4, we analyze and compare the different results within the frame of different nonequilibrium thermodynamic theories of continua [11, 34] .
Entropy production of thermoelectric nanowires
The importance of using nanotechnology to enhance the performances of thermoelectric devices is currently well-known [2, 4, 5, 7, 10, 43] . However, since the physics at nanoscale is not yet fully understood, deeper theoretical investigations seems to be appropriate. The influence of nonlocal effects on the figure-of-merit in cylindrical nanowires in steady-state situations has been explored in Refs. [6, 7] . In Refs. [9, 35] the influences of nonlinear effects on the performances of a thermoelectric energy generator have been investigated, whereas the role of the temperature has been pointed out in Refs. [28, 37] . Following the way drawn in Ref. [37] , in this section we aim to investigate the role of the gradients of the partial temperatures and of the electric-charge density on the efficiency of a thermoelectric generator constituted by a one-dimensional nanodevice in steady states. To pursue our goal, we firstly have to set up the theoretical model.
In EIT the fluxes of the basic variables are elevated to the rank of state variables [1, 2] . Thus, to develop a suitable theoretical model in the framework of EIT, besides eqs. (11), (12) and (15), we need two further evolution equations, governing the evolution of the partial heat fluxes q (p) , and q (e) .
Assuming that the collections of heat and electric carriers can be treated as in the TM theory, as a consequence of the two-temperature hypothesis we assume that the evolution equations for the phonon and electron heat fluxes are 
where the up-scripts (p) and (e) denote the phononic and electronic quantities, respectively. Moreover, in eq. (29) F is the Peltier coefficient, which in the classical description of thermoelectric effects is related to the Seebeck coefficient by means of the second Kelvin relation [2, 10] , i.e., F = :T. Note that the terms in the right-hand side of eq. (29) account for two additional heat-flux productions: that due to the Peltier effect (i.e., FI), and that due to a nonuniform electric-charge density distribution (i.e., F!∇1 e ). According to second law of Thermodynamics, among the solutions of the system of eqs. (11), (12), (14), (15), (28) and (29), only those leading to a non-negative volumetric entropy production 3 (s) are physically admissible [34] . Locally, 3 (s) is given by eq. (27), where both s, and J (s) have to be assigned by constitutive equations [34, 38] . Indeed, following the classical tenets of both CIT and EIT, we assume that the entropy flux is given by Refs. [ The expressions above show that, in this case the internal energies cannot depend on the partial heat fluxes. Finally, one should observe that the constitutive equation (30) for the entropy flux is linear in the partial heat fluxes and generalizes the classical expressions postulated in CIT and in RT [34] .
On the other hand, our basic assumption on the form of the volumetric entropy leads to the following expression for the total time derivative of ṡ
once eqs. (11), (12), (14) and (23) have been taken into account. Owing to eqs. (30) and (31), after some direct manipulations, we may put eq. (27) in the following explicit form:
To proceed further, we look for suitable expressions for E, q (p) and q (e) , which should be introduced in the previous relation. To this end, we represent the nanowire as a segment of length L, and denote the position of its points by the coordinate . ∈ [0, L]. We assume that the hot side (namely, the side at . = 0) is held at the constant temperature T h , and the cold side (namely, the side at . = L) is held the constant temperature T c . Moreover, we suppose that an electric current and a quantity of heat enter uniformly into the hot side of the element. Then, since the electric current and the gradient of the charge density are parallel, from eq. (15) it follows that the electric field E is parallel to the electric current I, namely, it is directed from the hotter side to the colder one. Let's observe that owing to the reduced length, in our computations we can approximate each gradient with its measured value, namely,
Moreover, since in steady states eqs. (11) and (12) reduce to
we have
where (33)- (35) and (37)- (39) allows to rewrite eqs. (16), (28) and (29) as
Then, let us pursue our analysis under the hypothesis that s p , s e and s 1 are independent of 1 e , so that we can put ∂s/∂1 e = ∂s 0 /∂1 e ≡ f T (p) , T (e) , 1 e . Moreover, let's approximate the partial derivatives of f with respect to its arguments by their mean values on the interval [0, L]. This mathematical assumption, which allows our calculations to be reduced to a simpler level, is equivalent to suppose that in the interval [0, L] the function f depends almost linearly on its arguments. For the sake of simplicity in the notation, these mean values will be still denoted by ∂f /∂T (p) , ∂f /∂T (e) and ∂f /∂ e . Thus, after some direct manipulations, we obtain
For the sake of simplicity, in deriving the expression above, we have assumed that the material functions :, 3 e , F and ! are constant. Finally, by some lengthy calculations, the local rate of entropy production per unit volume 3 (s) can be rearranged as
wherein we have introduced the new variables
and the coefficients
+T (e) 2 (49)
:
(51)
2.2 Case of study 2: s = s u e , u p , 1 e , q (p) , q (e) , I
Now we suppose that the entropy per unit volume not only depends on the basic variables, but also on their fluxes, i.e., generally speaking it has a form like s = s u e , u p , 1 e , q (p) , q (e) , I .
As pointed out in Ref. [37] (see eq. (74) therein), in this case the two temperatures T (p) and T (e) (which are still defined by eq. (23)) are truly nonequilibrium quantities since they depend on the dissipative fluxes q (p) , q (e) and I, too. As a consequence, our hypothesis of linear relation between temperatures and internal energies does not prevent u p and u e to contain some genuine nonequilibrium terms, depending on the partial heat fluxes.
Moreover, if we still assume that the entropy flux J (s) is given by eq. (30), we get a more complex constitutive equation for J (s) , since, due to the definition (23) of partial temperatures, the coefficients of the fluxes in eq. (30) are now quadratic functions of these last. Indeed, it is worth to point out again that the present analysis is based on the TM model developed in Ref. [37] . Therein, the state space has been set as
i.e., nonlocal in the equilibrium variables, but local in the fluxes. Such a choice was suggested by the fact that the basic heat-transport equation in TM theory does not contain terms depending on the second spatial derivatives of the heat flux, as for instance, the second-order spatial derivatives of q appearing in the GuyerKrumhansl equation [1, 10] . As a consequence, in the present case, the genuine nonlinear terms entering the constitutive equation of J (s) cannot take the form ∇q ⋅ q, since ∇q does not enter the state space. However, more general models are also possible, as for instance, the model developed in Ref. [44] , in which the presence of the gradient of the heat flux in the constitutive equation of J (s) allows to point out a nonstandard behavior of temperature at nanoscale in some two-dimensional systems. Finally, the total time derivative of s becomes noẇ (11), (12), (14), (28) and (29), once the use of the approximations in eqs. (40)- (42) is made and s and J (s) are expressed by the constitutive equations (22) and (30), respectively, lengthy but straightforward calculations allow to prove that the entropy production per unit volume 3 (s) can be written as By direct substitution it can be seen that
is a physically admissible stationary point of the function g (x, y, w). Since, by definition, f 1 and f 2 are positivedefined quantities, and x and y have to be strictly positive, for the existence of such a point it is necessary that f 3 and f 6 are negative quantities. This can be considered as a further restriction on the function f which is not dictated by second law of Thermodynamics, but is necessary for the existence of stationary points of entropy production. In order to determine whether g is a minimum or a maximum for the function g, we have to investigate the sign of the second derivatives of g. They are given by
It is evident that ∂ 2 g/∂x 2 is always positive, the second partial derivative ∂ 2 g/∂y 2 in correspondence of the solution (63) is positive due to the definition of f 2 , while ∂ 2 g/∂w∂y vanishes in correspondence of the solution (63). Then, in order to make positive the determinant of the Hessian matrix of g (x, y), it is necessary and sufficient that ∂ 2 g/∂w 2 is positive. This is verified if, and only if, the following condition holds:
It is easy to verify that if the quantity f 5 is positive (additional constraint on f ), then the inequality (64) 
By direct substation it can be seen that
is a physically admissible stationary point of G (x, y, w). Since, by definition, f 1 and f 2 are positive quantities, and x and y have be strictly positive quantities by definition, for the existence of G it is necessary that g 3 and g 6 are negative quantities. Also in this case, we can regard such a condition as a constraint for the function f which is not dictated by second law of Thermodynamics but is necessary to obtain a stationary point of entropy production. Now, we have to investigate the sign of the second derivatives of G, which are given by
It is evident that ∂ 2 G/∂x 2 is always positive, the second partial derivative ∂ 2 G/∂y 2 in G is positive due to the definition of f 2 , while ∂ 2 G/∂w∂y vanishes in G. Then, in order to make positive the determinant of the Hessian matrix of G (x, y, w), it is necessary and sufficient that ∂ 2 Gg/∂w 2 is positive. This is verified if, and only if,
which can still be regarded as a constraint on function f .
Conclusions
Since the higher the figure-of-merit, the higher the efficiency of a thermoelectric device, in order to widen the applications of thermoelectric power generators in the past years there has been a tremendous amount of research to improve the values of ZT beyond that of bulk materials (which only show low efficiency). One of the primary challenges in developing advanced thermoelectric materials is decoupling :, 3 e and + which are typically strongly interdependent in such a way that an increase in : usually results in a decrease in 3 e , and a decrease in 3 e produces a decrease in the electronic contribution to +, following from the Wiedemann-Franz law. Indeed, in nanosystems the length scale becomes a new variable which is also available for the control of the materials' properties and further opportunities arise to vary the aforementioned parameters quasiindependently. For instance, whenever the characteristic size of the system is comparable to (or smaller than) the mean-free path of the different heat carriers (phonons, electrons, holes, etc.) it is known that a thermal conductivity reduction can be realized over a wide temperature range, or the power factor can be increased at the same time by increasing : more than 3 e is decreased. The material functions :, 3 e and + (which are only related to the material at hand, as well as to the characteristic sizes) directly enter in the definition (2) of Z; thus, it is logical to investigate in what situations the reduced efficiency ' r gets its maximum. Although we feel that this is the best way to improve the efficiency, it is clear that also different approaches can be useful. For example, one can wonder what is the best temperature difference which has to be applied through the ends of a devices in order to let the P el value to be as close as possible to theQ tot value. In this case the attention is no longer focused on the material (or, equivalently, on the system), but on the best working situations. Since in these situations it is easily understood that a maximizer of ' r does not necessarily maximizes ' (since ' C also depends on the temperatures), then interesting results can arise by applying a different procedure in looking for the maximum of the thermoelectric efficiency (1). This is the main reason why here, by a conjecture only arising from physical considerations, we analyze the rate of entropy production (i.e., we search in what situations it is minimized), instead of the reduced efficiency.
In more detail, in this paper we have calculated the point of optimal efficiency of a nonlinear thermoelectric nanowire with two temperatures, either if the volumetric entropy s depends only on the equilibrium variables u e , u p , and 1 e , or if s depends also on the fluxes of these variables, namely, q (p) , q (e) and I. We have found that such a point is different for different s, since the stationary point (63), that we found in the first case, is different from the stationary point (66) that we found in the second case. By direct inspection of the form of these points we see that such a difference arises from the condition g 3 ≠ f 3 , which, in turn, implieŝ y ≠ȳ. On the other hand, the main difference between g 3 and f 3 is due to the presence of two additional terms which contain the relaxation time 4 (e) tm , which is lacking in 3 (s) if the evolution equations for the fluxes is not substituted in the total time derivative of s.
As already observed in Section 1, in RT [34] s cannot depend on the dissipative fluxes, since these quantities do not enter the state space. In EIT, instead, the dissipative fluxes are upgraded at the rank of state variables and the constitutive functions can depend on these quantities [1, 34, 39] . On the other hand, our results prove that these two different thermodynamic theories also lead to different conclusions concerning the analysis of thermoelectric energy conversion. Hence, further experiments on thermoelectricity could also provide useful information on the theory which is more respondent to describe coupled phenomena at nanoscale.
Beside g 3 ≠ f 3 , we have also g 5 ≠ f 5 , so that the unilateral constraints (64) and (67) are different. It is meaningful that in the second one also the relaxation time of the electric current, namely 4 I , appears. Finally, we notice that in the linear case (! (e) = 1) [35, 37] , the quantity El does not influence the point of best efficiency.
As expected, in both cases the optimal efficiency is achieved atw =ŵ = 0, since an inhomogeneous distribution of the electric charges produces circulation of them by diffusion, and hence an additional dissipation by Joule effect.
The present results show that to obtain the optimal efficiency one should be able to control both the phonon and the electron temperature, or at least one of them. At the moment we are not aware of theoretical results giving a hint on how to achieve that task. Such a problem deserves consideration, and will be considered in future researches.
At the very end, let us observe that the present analysis, which in a first rough outlook may appear only as an academic motivation, becomes acute if one observes that the growing importance in nanosystems has fostered the interest in generalized heat-transport equations which go beyond the classical Fourier law. Owing this, in literature different theories and/or models can be found [11, 12, 34] . From the theoretical point of view, some of them have a lot of similar points, while others show quite different results. However, in general it is not so simple to effectively claim which is the best (or, alternatively said, the right) proposal. To this end, a suitable way of testing the validity of a given model with respect to another one may be the search of practical applications wherein different theories clearly predict different results. According with this observation, the importance of the present investigation also resides on the fact that the efficiency of thermoelectric systems can be measured with good precision [45] ; hence, such a measurement beside to confirm, or not, the physical consistency of the two-temperature continuum models, can also provide a useful comparison of the RT and EIT approaches. A. S. also acknowledges the University of Salerno for the financial supports under grants FARB 2015 no. 300395frb15ciarl, and "Fondo per il finanziamento iniziale dell'attività di ricerca".
